Abstract. All subalgebras, idempotents, left(right) ideals and left quasiunits of two-dimensional algebras are described. Classifications of algebras with given number of subalgebras, left(right) ideals are provided. In particular, a list of isomorphic classes of all simple two-dimensional algebras is given.
Introduction
It is noticed that well known classification theorems of algebras, for example on Lie, associative, Jordan and et cetera, in fixed n-dimensional case cover only small parts of all n-dimensional algebras. In fact, that part which is not covered by the classification theorems is dense (in Zariski topology) subset of the set of all n-dimensional algebras. Instead of the classification of some classes of all dimensional algebras one can try to classify all algebras in fixed dimensions. In 2000 a classification of all two-dimensional algebras over an infinite field F was obtained in [19] . The approach of [19] is basis(coordinate) free, invariant approach. Unlike it in [1] we have given a coordinate based classification of such algebras over any field F where any quadratic and cubic polynomials have a root, for F = R case one can find in [7] . In [17] has been proposed another coordinate based approach to the classification problem of two-dimensional algebras. The main advantage of [1] is the fact that it reduces many problems of two-dimensional algebras to investigation of systems of equations for twelve classes of canonical representatives of all nontrivial two-dimensional algebras found there. By the use of results of [1] it one can classify, up to isomorphism, nearly any class of two-dimensional polynomial algebras. This approach has been used in [2, 3] to get classification of some classes of two-dimensional algebras which were unknown before and in [4] for a description automorphism groups and derivative algebras of two-dimensional algebras.
Note that only in two-dimensional case the number of classes of canonical representatives is small. Even in three dimensional algebras case the corresponding number is too big, it is expected to be at least about thousand [8] .
A reviewer of our paper has drown our attention to the importance of description of all subalgebras, idempotents, left(right) ideals and quasi-units of two-dimensional algebras via those twelve classes of canonical representatives. The current paper deals with it. We consider only nontrivial two-dimensional algebras and by a subalgebra (left(right) ideal) we mean nontrivial, that is one dimensional, subalgebra(respectively, left(right) ideal). It is shown that every such an algebra may have only one, two, three or infinitely many subalgebras and may have zero, one, two, three or infinitely many ideals. The paper provides a classification result for each class of algebras, which have n different subalgebras (left(right) ideals), where n = 1, 2, 3, ∞ (respectively, n = 0, 1, 2, 3, ∞). In particular, one can find there a classification of two-dimensional simple algebras. The descriptions of idempotents and left quasiunits also are given.
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Here we have cited only some papers related to the classification of all two-dimensional algebras. There are many other papers dealing with some particular classes of two-dimensional algebras [5, 6, 9, 10, 11, 12, 14, 15, 16, 20] .
The paper is organized as follows. Section 2 is about some preliminary results, Section 3 deals with subalgebras and Section 4 deals with idempotents. In Sections 5,6 and 7 we consider left, right and two-sided ideals, respectively. The left quasiunits are considered in Section 8.
Throughout the paper F stands for any field over which every quadratic and cubic polynomial has a root in it, in particular, F may be any algebraically closed field.
Preliminaries
Further we need the following simple result on roots of polynomials of the degree three over a field F. 
Let A be a two-dimensional algebra over F and {e 1 , e 2 } be its basis and
be the matrix of structure constants (MSC) of A in {e 1 , e 2 } arranged as e 1 e 1 = α 1 e 1 + β 1 e 2 , e 1 e 2 = α 2 e 1 + β 2 e 2 , e 2 e 1 = α 3 e 1 + β 3 e 2 , e 2 e 2 = α 4 e 1 + β 4 e 2 .
Further it is assumed that a basis {e 1 , e 2 } is fixed and we do not distinguish between A and its MSC A. Any nontrivial subalgebra of a two-dimensional algebra A is one dimensional, it is generated by a nonzero element u = u 1 e 1 + u 2 e 2 ∈ A such that u 2 = λu for some λ ∈ F. If u 1 = 0 then, due to Fu = Fku for any k = 0, u can be represented as u = e 2 , if u 1 = 0 then u can be represented as u = e 1 + y 0 e 2 .
Let polynomial p A (y) stand for
Proposition 2.2. If α 4 = 0, the set of nontrivial subalgebras of A is given as follows
and if α 4 = 0 then the set equals
Proof. Due to u · v = eA(u ⊗ v), where u = eu, v = ev, the equality u 2 = λu means
Assuming u = xe 1 + ye 2 = e x y and applying (2.1) we obtain the system of equations:
If x = 0 then one can put y = 1 and therefore in α 4 = 0 case it has no solution, whereas if α 4 = 0 then u = 0 1 is a solution and therefore there is at least one nontrivial subalgebra Fe 2 .
If x = 0 one can assume x = 1 and the system 2.2 becomes equivalent to
Therefore each root y 0 of p A (y) provides the corresponding subalgebra F(e 1 + y 0 e 2 ). So the following result holds true.
Corollary 2.3. Any two-dimensional algebra may have only one, two, three or infinitely many nontrivial subalgebras. In the infinitely many subalgebras case every 1-dimensional subspace is a subalgebra.
Note that Proposition 2.2 is true for algebra over arbitrary F case also. Further we make use the following result from [1] and notations there. Any nontrivial two-dimensional algebra over F is isomorphic to only one of the following algebras given by their MSC:
In Char(F) = 2, 3 case:
, where c = α 1 ∈ F,
• A 7 (c) = 0 1 1 0
• A 9 = In Char(F) = 2 case:
, where c = α 1 ∈ F, In Char(F) = 3 case:
• A 7,3 (c) = 0 1 1 0
, where c = α 1 ∈ F, 
case one has
Therefore due to Propositions 2.1-2.2 to know the number of nontrivial subalgebras one should study the number of roots of this polynomial. In α 4 = 0 case the algebra A 1 (α 1 , α 2 , α 4 , β 1 ) has only one nontrivial subalgebra if and only if 3α 4 (3α 1 −1)−(3α 2 +1) 2 = 0 and (3α 2 +1)(
, the algebra A 1 (α 1 , α 2 , α 4 , β 1 ) has only two nontrivial subalgebras if and only if
and one of
is zero, the algebra A 1 (α 1 , α 2 , α 4 , β 1 ) has only three nontrivial subalgebras if and only if none of
is zero.
Similarly, in α 4 = 0 case the algebra A 1 (α 1 , α 2 , 0, β 1 ) has only one nontrivial subalgebra if and only if In
Therefore the algebra A 2 (α 1 , β 1 , β 2 ) has only one nontrivial subalgebra if and only if 2α 1 − β 2 − 1 = 0 and β 1 = 0, it has two nontrivial subalgebras if and only if
is zero, it has three nontrivial subalgebras if and only if none of
In
case α 4 = 0, and one has
Therefore A 3 (β 1 , β 2 ) has only two nontrivial subalgebras if and only if
it has three nontrivial subalgebras if and only if
case α 4 = 0, and we have
Therefore, A 4 (α 1 , β 2 ) has only two nontrivial subalgebras if and only if
it has infinitely many nontrivial subalgebras if and only if
case α 4 = 0 and p A5 (y) = −1. Therefore it has only one nontrivial subalgebra, namely Fe 2 . 
For A 7 (β 1 ) = 0 1 1 0
Therefore, A 7 (β 1 ) has only two nontrivial subalgebras if and only if
In The algebra A 11 = 0 1 1 0 1 0 0 −1 case has only three nontrivial subalgebras
and F e 1 + e 2 √ 3 .
For A 12 = 0 0 0 0 1 0 0 0 case p A12 (y) = −1 = 0 and it has only one nontrivial subalgebra, namely Fe 2 .
We present the corresponding results in Char(F ) = 2 and Char(F ) = 3 cases without proofs.
Theorem 3.2. In Char(F) = 2 case any two-dimensional algebra with only one (two, three, infinitely many) subalgebra(s) is isomorphic only to one of the following such algebras
, where
Theorem 3.3. In Char(F) = 3 case any two-dimensional algebra with only one (two, three, infinitely many) subalgebra(s) is isomorphic only to one of the following such algebras
Below the results of the theorems are represented as Tables 1 and 2 . Table 1 . Nontrivial subalgebras, Char(F) = 2, 3 case.
Alg.
1 subalgebra 2 subalgebras 3 subalgebras ∞ subalg. 
The idempotents
Now we describe the idempotent elements of two-dimensional algebras given in Section 1, a nonzero elements v is an idempotent if
Note that if v = ye 2 , it is equivalent to
where u = e 2 , and if v = xe 1 + ye 2 , x = 0 then it is equivalent to u 2 = 1 x u, where u = e 1 + y x e 2 . In Section 2 we have described such nonzero u for which u 2 = λu is valid. So here we are interested now in nonzero u for which u 2 = λu and λ = 0. Let Id(A) stand for the set of all idempotents of A and λ A (y) = α 4 y 2 + (α 2 + α 3 )y + α 1 , where A =
Proposition 4.1. If α 4 = 0 or α 4 = 0 and β 4 = 0 then
If α 4 = 0 and β 4 = 0 then
Proof. Indeed if α 4 = 0 then the first equation of (2.2) implies λ = α 4 y
Therefore in this case the following equality
is true. Whereas, if α 4 = 0 then one has e 2 2 = β 4 e 2 and 1 β4 e 2 is an idempotent provided β 4 = 0. Moreover, in this case each root y 0 of p A (y) provides idempotent 1 λA(y0) (e 1 + y 0 e 2 ), whenever λ A (y 0 ) = 0. Due to this Proposition 4.1 and space reasons we abstain from writing for A 1 , A 2 and A 6 (A 1,2 , A 2,2 and A 6,2 ; A 1,3 , A 2,3 and A 6,3 ) cases all the conditions under which they have no idempotent, one idempotent, two, three and infinitely many idempotents. But for the rest cases the following facts can be checked easily.
Char(F) = 2, 3 case.
Char(F) = 2 case.
Char(F) = 3 case.
Id(A 9,3 ) = {−e 2 }, Id(A 10,3 ) = {te 1 − e 2 : t ∈ F}.
Left Ideals
A one-dimensional subspace Fu, where 0 = u ∈ A, is a left ideal of algebra A if
where u = eu, v = ev we get
For 1) we obtain the system of equations:
In x = 0 case one can assume y = 1 and the system (5.2) becomes
Therefore, in α 2 = α 4 = 0 case Fe 2 is a left ideal for A. In x = 0 case one can assume that x = 1. The first equation of (5.2) implies λ l (s, t) = s(α 1 + yα 2 ) + t(α 3 + yα 4 ) and therefore its second equation becomes
So we get the system of equations
and any solution y 0 of (5.3) provides the left ideal F(e 1 + y 0 e 2 ). 
System (5.3) has an unique solution if and only if α 4 = 0, α 3 − β 4 = 0 and α 2 β
System (5.3) has two different solutions if and only if 
= 0 case the system has no solution. Let l 1A (y) have two different roots. The polynomial l 1A (y) has two roots if and only if α 4 = 0 and (α 3 − β 4 ) 2 + 4α 4 β 3 = 0. Therefore, due to
Thus if α 4 (α 1 − β 2 ) − α 2 (α 3 − β 4 ) = 0 the system (5.3) has only one solution, namely y 0 = α4β1−α2β3
α4(α1−β2)−α2(α3−β4) ) = 0 then the system has no solution.
We summarize the results on left ideals as the following tables. Table 3 .
, P = 0, α 4 = 0,
, P = 0, α 4 = 0, 
Right Ideals
A one-dimensional subspace Fu, where 0 = u ∈ A, is a right ideal of algebra A if
, and v = s t , applying A(u ⊗ v) − λ r (v)u = 0 we obtain the system of equations:
In x = 0 case one can assume that y = 1 and the system (6.2) becomes sα 3 + tα 4 = 0, −λ r (s, t) + sβ 3 + tβ 4 = 0.
. Therefore, only in α 3 = α 4 = 0 case Fe 2 is a right ideal for A. In x = 0 case one can assume that x = 1. The first equation of (6.2) implies λ r (s, t) = s(α 1 + yα 3 ) + t(α 2 + yα 4 ) and therefore its second equation means
So one comes to the system of equations
and any its solution y 0 provides a right ideal in the form F(e 1 + y 0 e 2 ). 
System (6.3) has unique solution if and only if α 4 = 0, α 2 − β 4 = 0 and α 3 β 
case the system has no solution. In the second case
= 0 case the system has no solution.
Let r 1A (y) have two different roots. The polynomial r 1A (y) has two roots if and only if α 4 = 0 and (α 2 − β 4 ) 2 + 4α 4 β 2 = 0. Therefore, due to Let r 1A (y) have infinitely many roots. The polynomial r 1A (y) has infinitely many roots if and only if α 2 − β 4 = α 4 = β 2 = 0 and therefore the system has no solution in α 3 = α 1 − β 3 = 0 and β 1 = 0 case, it has only one solution in α 3 = 0, α 1 − β 3 = 0 and α 3 = 0, (α 1 − β 3 ) 2 + 4α 3 β 1 = 0 cases, it has two different solutions in α 3 = 0, (α 1 − β 3 ) 2 + 4α 3 β 1 = 0 case, it has infinitely many solutions in
case. In Char(F) = 2 case the following result is valid. 
System (6.3) has two different solutions if and only if
System (6.3) has infinitely many solutions if and only if
We present the corresponding results on right ideal as the following tables. Table 5 . Nontrivial right ideals, Char(F) = 2, 3, P = ( Table 6 . Nontrivial right ideals, Char(F) = 2, 3, P = (
Two-sided Ideals
A one-dimensional subspace Fu, where 0 = u ∈ A, is a two-sided ideal of algebra A if
where u = eu, v = ev, we come to
and it yields the system of equations
where u = x y , v = s t . In x = 0 case one can assume that y = 1 and therefore Fe 2 is a two-sided ideal if and only if α 2 = α 3 = α 4 = 0. If x = 0 then one can assume that x = 1 and the system (7.1) is equivalent to
The difference of the 1 st and the 3 rd equations is y(α 3 − α 2 ) − β 3 + β 2 = 0 and therefore, one gets easily the following result.
Proposition 7.1. The algebra A is simple i.e. it has no nontrivial two-sided ideal, only in the following cases:
1. β 2 = β 3 and α 2 = α 3 = 0. 2. β 2 = β 3 and α 2 = α 3 = 0, α 4 = 0. 3. α 2 = α 3 and at least one of (
2 β 3 is not zero. In α 2 = α 3 = α 4 = 0 case Fe 2 is a two-sided ideal for A. In α 2 = α 3 case F(e 1 + β3−β2 α3−α2 e 2 ) is a two-sided ideal if and only if (
A is a commutative algebra and every left(right) ideal in it is two-sided.
This proposition implies that nontrivial two-dimensional algebra may have only 0, 1 or 2 two-sided ideals and the following conclusions are true.
Char(F) = 2, 3. Let us consider A 1 . The case α 2 = α 3 = α 4 = 0 is impossible and α 3 − α 2 = β 3 − β 2 = 1 and therefore only in α 4 = −2α 2 − α 1 , β 1 = α 2 + 2α 1 case A 1 has only one two-sided ideal F(e 1 + e 2 ).
In A 2 case α 3 − α 2 = 0 and therefore if β 2 = 1 − α 1 then A 2 every left ideal is two-sided. In other cases A 2 has no two-sided ideal. If β 2 = 1 then every left ideal is two-sided for A 3 . Otherwise it has no two-sided ideal. If β 2 = 1 − α 1 then every left ideal is two-sided for A 4 . Otherwise has only one two-sided ideal. If α 1 = 2 3 then every left ideal is two-sided for A 5 . Otherwise has only one two-sided ideal, A 6 , A 7 and A 11 have no two-sided ideals. The algebras A 8 , A 9 , A 10 and A 12 have only one two-sided ideal.
In Char(F) = 2 case we have: A 1,2 . In this case α 2 = α 3 = α 4 = 0 is impossible and α 3 − α 2 = β 3 − β 2 = 1 and therefore only in α 4 = α 1 , β 1 = α 2 case A 1,2 has only one two-sided ideal F(e 1 + e 2 ).
In A 2,2 case α 3 − α 2 = 0 and therefore if β 2 = 1 − α 1 then A 2,2 every left ideal is two-sided. In other cases A 2,2 has no two-sided ideal.
If α 1 = 1 or β 2 = 0 then A 3,2 (α 1 , β 2 ) has no two-sided ideal, A 3,2 (1, 0) has two two-sided ideals. If β 2 = 1 − α 1 then every left ideal is two-sided for A 4,2 . Otherwise has only one two-sided ideal. If α 1 = 0 then every left ideal is two-sided for A 5,2 . Otherwise has only one two-sided ideal. A 6,2 has no two-sided ideal. A 7,2 has no two-sided ideal. A 8,2 has one two-sided ideal. A 9,2 has one two-sided ideal. A 10,2 has one two-sided ideal. A 11,2 has no two-sided ideal and A 12,2 has one two-sided ideal.
In Char(F) = 3 case: A 1,3 : In this case α 2 = α 3 = α 4 = 0 is impossible and α 3 − α 2 = β 3 − β 2 = 1 and therefore only in α 4 = −α 1 − 2α 2 , β 1 = α 2 + 2α 2 case A 1,2 has only one two-sided ideal F(e 1 + e 2 ).
In A 2,3 case α 3 − α 2 = 0 and therefore if β 2 = 1 − α 1 then A 2,3 every left ideal is two-sided. In other cases A 2,3 has no two-sided ideal. If β 2 = 1 then every left ideal is two-sided for A 3,3 . Otherwise it has no two-sided ideal. If β 2 = 1 − α 1 then every left ideal is two-sided for A 4,3 . Otherwise has only one two-sided ideal. A 5,3 has only one two-sided ideal. A 6,3 has no two-sided ideal. A 7,3 has no two-sided ideal. A 8,3 has one two-sided ideal. A 9,3 has one two-sided ideal. A 10,3 has one two-sided ideal. A 11,2 has one two-sided ideal and A 12,2 has one two-sided ideal.
We summarize these results as the following tables. Table 7 . Two-sided ideals, Char(F) = 2, 3. Table 8 . Two-sided ideals, Char(F) = 2, 3.
Alg. 0 Ideal 1 Ideal 2 Ideals
Note that the second (together with the first) columns of these tables present classification of all simple twodimensional algebras.
Left quasiunits
Our next goal is the description of all left quasiunits (see [18] ) of these algebras.
Definition 8.
1. An element e q of an algebra A is said to be a left quasiunit if e q (uv) = (e q u)v + u(e q v) − uv for all u, v ∈ A.
In terms of MSC of A it is nothing but to write
and therefore assuming that e q = x 0 y 0 , u = x y and v = s t one gets the following system of
For A 1 case we have the system of equations
From the 1 st , 3 rd , 7 th and 8 th equations we get y 0 = 2. The 3 rd and 8 th equations imply x 0 α 1 = −1 − 2α 2 , the 2 nd and 8 th equations imply x 0 α 2 + 2α 4 = 0, the 1 st and 6 th equations imply x 0 β 1 = 2(α 1 − 1).
, α 4 = − ) has left quasiunits 3e 1 + te 2 , t ∈ F. For A 9 the 5 th equation of (8.1) is a contradiction. For A 10 the system consists of equations y 0 + 1 = 0, −3x 0 = 0 and therefore A 10 has left quasiunit −e 2 . For A 11 the system consists of equations −x 0 = 0, y 0 + 1 = 0, 1 − 3y 0 = 0, so has no left quasiunit. For A 12 the 5 th equation of (8.1) is a contradiction. In Char(F) = 2, 3 cases also this approach works well and we summarize the results in the following table form. Table 9 . Left quasiunits, Char(F) = 2, 3, Char(F) = 2 and Char(F) = 3 cases.
Algebras
Left quasiunits A 1 (α 1 , − 
